




















Explicit form of correlation function three-settings tight Bell inequalities for three
qubits
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We present a method to derive explicit forms of tight correlation function Bell inequalities for three
systems and dichotomic observables, which involve three settings for each observer. Surprisingly, all
the inequalities are some simplifications of an already known one. We also give sufficient conditions
for quantum predictions to satisfy the new inequalities.
PACS numbers:
INTRODUCTION
The problem of the possibility of a local realistic interpretation of quantum mechanics was first addressed in the
discussion between Einstein, Podolsky, Rosen [1] and Bohr [2]. The final answer was provided in 1964 by Bell [3].
The paper of Bell contains an inequality for local realistic (LR) correlation functions, which can be violated only by
nonclassical, entangled states. In the work of Clauser, Horne, Shimony, and Holt (CHSH) [4] a new inequality was
derived, which, in contradistinction to the original Bell’s inequality, can be applied to real physical processes. Again
it was formulated for LR correlation functions. Such formulations of the Bell inequalities are now the most popular
forms of it. After the discovery of the Greenberger-Horne-Zeilnger correlations, generalizations of Bell inequalities to
more subsystems appeared, see e.g. [5, 6, 7]. However, these involved only two settings per each observer. Recently,
since maps between Bell expressions, even yet unknown ones, and quantum cryptography [8], as well as quantum
communication complexity [9], have been found, the Bell theorem regained importance.
By tight Bell inequalities one understands these, which define walls of a polytope of locally and realistically allowed
predictions in a hyperspace of correlation function values for observables entering the expression. A method to derive
the general form of coefficients of tight Bell inequalities for correlation functions, which involve three settings available
to each observer, is presented in [10]. Here, basing on the results of [10] we develop this method with the aim of
getting the explicit form of the inequalities for three observers. This is the simplest case for which tight three-setting
Bell inequalities are thus far unknown.
THREE OBSERVER INEQUALITIES
Let us consider a situation, in which each the three observers can choose between three measurements. For three
systems (observed by Alice, Bob and Carol) and dichotomic observables, the tight Bell inequalities have a general
form of [10]
− 1 ≤ 126
∑
ai,bj ,ck=±1







where Eijk is the value of the local realistic correlation function (i.e. the average of the product of the local results,
which in turn are assumed to be ±1) for the i-th setting of Alice, j-th of Bob, and Carol’s k-th one, and S(...) is a
sign function, i.e. its only allowed values are ±1, of the nine summation indices, from a0 to c2. The discrete Fourier
transform (up to a multiplicative constant) of such a function, gijk, is related to S by [10]:
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)
=
∑2








S(a0, a1, a2; b0, b1, b2; c0, c1, c2)aibjck. (3)




∣∣∣∣∣∣ ≤ 1. (4)
Our aim is to find the explicit form of gijk.
In [10] it was shown that without any loss of generality, we can fix a0 = b0 = c0 = 1. We shall use this fact later on.
Note also that the form of the sign functions, as in equation (2), restricts the admissible class which generates
the inequalities. The elementary trait of the class is that the sign functions do not depend upon product of indices
pertaining to one observer, eg. a1a2, etc.
PROPERTIES OF COEFFICIENTS OF THE INEQUALITIES















(∆xy(z = 1)−∆xy(z = −1)), (7)
where x, y, z are indices, each related to a different party, e. g. x = a0, a1, a2; y = b0, b1, b2; z = c0, c1, c2.
These deltas are related to each other. Third-order deltas are simply the coefficients gjkl. We can create second-
order deltas from them in a following way:
∆a0b0(c0, c1, c2) = c0∆a0b0c0 + c1∆a0b0c1 + c2∆a0b0c2 = c0g000 + c1g001 + c1g002, (8)
for example. By analogy:
∆a0(b0, b1, b2; c0, c1, c2) = b0∆a0b0(c0, c1, c2) + b1∆a0b1(c0, c1, c2) + b2∆a0b2(c0, c1, c2),
(9)
and
S(a0, a1, a2; b0, b1, b2; c0, c1, c2)
= a0∆a0(b0, b1, b2; c0, c1, c2) + a1∆a1(b0, b1, b2; c0, c1, c2) + a2∆a2(b0, b1, b2; c0, c1, c2)
, (10)
and so on.
Properties of the deltas
As S = ±1 each first-order delta ∆ai can be equal only ±1 (S changes with ai) or 0 (S does not change). From
possible values of first-order deltas we know, that a second-order delta can only be 0 (no change), ± 12 (a change of
∆ai from 0 to ±1, or vice versa), or ±1 (a change between 1 and −1). Thus, the coefficients gijk may have only the
following values: 0,± 14 ,± 12 ,± 34 or ±1.
One can easily show, that one of the three first-order deltas, taken with respect to the same observer, that is e.g.
of ∆ai’s for Alice, is equal to ±1, while the others vanish. Similarly, either all three second-order, which define the
3same first-order delta (say, for example, ∆a0b0 ,∆a0b1 ,∆a0b2 , which define ∆a0) vanish, or one and only one is equal
to ±1, or two of them take values of ± 12 and the third one is 0.








The first condition is due to a fact that the inequalities we are searching for are saturated for all deterministic LR




When one coefficient has a modulus 1, all others must be 0. In such a case, we get a family of trivial inequalities
|Eijk | ≤ 1.
Construction of coefficients
Each second-order delta can consist of one, two, or three coefficients gijk, and, similarly, first-order deltas consist
of up to three second-order deltas. Not every pair or triplet of second-order deltas can be arranged into higher-order
deltas, however. The following table lists families of ∆aibj ’s, and what other ∆aibj ’s they can go with to create a valid
∆ai (we avoid repetitions in the table):
∆aibj goes with:
1
4 ((−1)m3cx + (−1)ncy) ± 14 ((−1)mcx − (−1)ncy)
1
4 (2(−1)mcx + (−1)ncy + (1)ocz) ± 14 ((−1)mcx − (−1)ncy) or ± 14 (2(−1)mcx − (−1)ncy − (−1)ocz) or
± 14 ((−1)mcx − (−1)ncy) and ± 14 ((−1)mcx − (−1)ocz)
1
2 ((−1)mcx + (−1)ncy) alone or with 12 ((−1)mcx − (−1)ncy) or
two 14 ((−1)mcx − (−1)ncy)s
1
2 (−1)mcx any one of ± 12cx,± 12cy,± 12cz or ± 14 ((−1)mcx + (−1)ncy) and
± 14 ((−1)mcx − (−1)ncy) or ± 14 ((−1)ncy + (−1)ocz) and ± 14 ((−1)ncy − (−1)ocz)
1
4 ((−1)mcx + (−1)ncy) ± 14 ((−1)mcx + (−1)ncy) or ± 14 ((−1)ncy − (−1)ocz) and ± 14 ((−1)mcx + (−1)ocz)
In the table (x, y, z) stands for a permutation of (0, 1, 2), and m,n, o = 0, 1.
Thus any first-order delta belongs (after some transformations, i. e. permutations of observables, or sign flips) to
one of families listed below (we take a0 = b0 = c0 = 1):





























4 (2 + c1 + c2 + b1(c1 − c2)) 816
∆V I
1




4 ((c1 − c2) + b1(1 − c1) + b2(1− c2)) 616
∆V III
1
4 (2 + c1 + c2 + b1(1− c1) + b2(1− c2)) 1016 ∆IX 14 (2 + c1 + c2 + b1(2− c1 − c2)) 1216
∆X
1
4 (2 + 2c1 + (b1 + b2)(1 − c1)) 1216 ∆XI 14 (2 + b1(1 + c1) + b2(1− c1) 816
∆XII
1
4 (2 + b1(c1 + c2) + b2(c1 − c2)) 816
Above, |∆ai |2 is the sum of squares of those gijk coefficients, which enter a given delta. As it has been already
mentioned before, in a complete inequality these moduli sum up to 1 [13]. However, this is only a necessary condition
to build an inequality. Again, not all, and in fact very few pairs or triplets of these deltas lead us to a proper Bell
expression. To obtain them one should take one first-order delta with respect to a0 and some deltas with respect to
a1 and a2 so that ∆a0 ,∆a1 , and ∆a2 indeed create a sign function.
4THE TWO OBSERVER CASE
As an illustration of the method we will consider the two qubit case first. For two systems (observed by Alice and
Bob), the tight Bell inequalities have a general form of [10]
− 1 ≤ 124
∑
ai,bj=±1







where Eij is the value of the local realistic correlation function for the i-th setting of Alice and j-th of Bob, and S(...)
is a sign function. The discrete Fourier transform (up to a multiplicative constant) of such a function, gij , is related
to S by [10]:
S(a0, a1, a2; b0, b1, b2)
=
∑2








S(a0, a1, a2; b0, b1, b2)aibj . (13)




∣∣∣∣∣∣ ≤ 1. (14)
Our aim is to find the explicit form of gij . One can now define only first and second order deltas. The second order
deltas are equivalent to gij .
As we have mentioned, first-order deltas can only take values of 0 or ±1, and thus for the second order ones one has
gij = 0,± 12 , or±1. If ∆ai is always equal to either ±1 or 0, the sign function is factorisable, and generates a trivial
bound:
|Eij | ≤ 1. (15)
If it takes all three values, it can be transformed by local actions to 12 (b0 + b1). The other ∆ai vanishes when the first
one does not, and vice versa, so it can be taken as 12 (b0 − b1). Thus we reproduce the CHSH inequality [4]:
|E00 + E01 + E10 − E11| ≤ 1. (16)
No other inequalities of this kind for two qubits are allowed, because we have utilized all possible values of gijs and
all possible forms of ∆ai .
As we see the set of Bell inequalities for correlation functions, for two partner and three settings on each side, boils
down to the good old CHSH inequalites, for all possible combinations of pairs of settings. This result corroborates
with the finding of Garg [11].
THREE OBSERVER INEQUALITIES
Since the method is universal, it produces both well-known standard Bell inequalities [6, 7], which are shown in the
first subsection below, as well as new ones, which are the subject of the second subsection.
52× 2× 2 inequalities




(−3 + c1 + b1(1 + c1)
+ a1(1 + b1)(1 + c1)), (17)
and by putting it into (3), we obtain:
1
4
|(−3E000 + E001 + E010 + E011
+E100 + E101 + E110 + E111| ≤ 1. (18)





















+E100 − E110| ≤ 1. (22)











+E110 − E111| ≤ 1. (24)










+E101 − E110| ≤ 1. (26)
This closes the group of possible inequalities which involve only two settings (out of the three ones allowed in the
considered scenario). However, some new Bell inequalities with up to three alternative measurements also exist.
6The 2× 2× 3 and 2× 3× 3 cases











(2− c1 − c2) + 1
4
b1(c2 − c1)), (27)
what represents the inequality:
1
4
|2E000 + E001 + E002 + E011 − E012
+ 2E100 − E101 − E102 − E111 − E112| ≤ 1. (28)
This is also a combination of two ∆XIs or ∆V I and two ∆IXs.
















b1(c1 + c2)− 1
4
b2(c1 − c2)), (29)
that also could be obtained from ∆III and two ∆V Is. After putting into (3), it gives:
1
4
|2E000 + E011 + E012 + E021 − E022
+ 2E100 − E111 − E112 − E121 + E122| ≤ 1, (30)




(2 + c1 + c2) +
1
4











With this sign function, which also could have been achieved from ∆V and two ∆V Is, we can construct an
inequality of a form:
1
4
|2E000 + E001 + E002 + E010 − E011 + E020 − E022
+ E101 − E102 + E110 − E111 − E120 + E122| ≤ 1,
(32)
Link with an earlier inequality
Interestingly, all these inequalities are special cases of a certain one one derived in [12], given by:
1
4
|E000 + E001 + E010 − E011 + E022 + E023 + E032 − E033
+ E100 + E101 + E110 − E111 − E122 − E123 − E132 + E133| ≤ 1. (33)
This inequality applies to the case in which the first observer chooses between two observables, and the other ones
between four. The transformation of the inequality into the new ones obtained earlier is done by choosing some pairs
of observables to be equal. Namely, we can also obtain (30) by putting Cˆ0 = Cˆ1 and then (28) with Bˆ0 = Bˆ2. Finally,
with Bˆ0 = Bˆ2 and Cˆ0 = Cˆ2 we get (32). Further such simplifications lead to the standard 2× 2× 2 inequalities.
With this method we have not found any inequality that utilizes three settings for each observer. A proof of
non-existence of such a class will be given elsewhere.
7SUFFICIENT CONDITIONS FOR QUANTUM PREDICTIONS TO SATISFY THE NEW INEQUALITIES
In this section we shall investigate the conditions that quantum states must fulfill so that for all possible measure-
ments the new inequalities would be satisfied. The inequality (33) (as well (30)), that is the one from which all other
ones can be obtained, when considered in the quantum mechanical context, acts as the following constraint on the












S′′(s1, s2)(Bˆ2 + s1Bˆ3)⊗ (Cˆ2 + s1Cˆ3)
〉
≤ 8, (34)
where S′, S′′ = ±1 are two arbitrary (unrestricted by the considerations of the previous section) two variable sign
functions. If both of them are factorisable, we get (24), if only one of them-(30), if none (33).
In the case of qubits, the condition (34) can also be expressed with the use of the correlation tensor Tˆ , and
unit vectors that represent the measurement directions (since any qubit observable can be modeled by a spin 12
measurement in a specific direction, represented by a unit vector, see also [12]). The quantum correlation function is




i ⊗ σBj ⊗ σCk ,
where indices of the Pauli operators i, j, k = 1, 2, 3 denote the spatial dimensions. One obtains
Tˆ · (( ~A0 + ~A1)⊗ ∑
s1,s2=±1
S(s1, s2)( ~B0 + s1 ~B1)⊗ (~C0 + s2 ~C1) +
( ~A0 − ~A1)⊗
∑
s1,s2=±1
S′(s1, s2)( ~B2 + s1 ~B3)⊗ (~C2 + s2 ~C3)
) ≤ 8, (35)
where the three-dimensional real vectors introduced in this formula define the local qubit observables as Xˆ = ~X · ~ˆσ.
Now we utilize a fact, that for two vectors ~X1 and ~X2 of a norm 1, we have ~X1+ ~X2 = 2 ~X cos ξ and ~X1− ~X2 = 2 ~X⊥ sin ξ,
where ~X and ~X⊥ are two orthonormal vectors, and by 2ξ we denote the angle between ~X1 and ~X2. Putting this fact
into (35), and applying the Cauchy inequality (A cosα+B sinα)2 ≤ A2 +B2, we get a sufficient condition for states
to satisfy inequality (33) for any set of measurement settings. Moreover, as a fixed direction of one of two vectors




T 21ij + (T
′
2ij)
2 ≤ 1 (36)
and should hold in arbitrary local bases. The prime in the second term denotes an arbitrary rotation of the local
coordinates done by Bob and Carol. That is T1ij = Tˆ · (~x1 ⊗ ~xj ⊗ ~xk) for a specific choice of the local orthonormal
directional unit vectors, ~xj , ~xk, for Bob and Carol, whereas in T
′
1ij = Tˆ · (~x1 ⊗ ~x′j ⊗ ~x′k) a different basis for each of
the two partners can be used to define the components of Tˆ .





2 ≤ 1, (37)
which refers to (30).
As for (28), we can take ~A0 + ~A1 = 2 cosα ~A, ~A0 − ~A1 = 2 sinα ~A⊥, ~C1 + ~C2 = 2 cosγ ~C and ~C1 − ~C2 = 2 sinγ ~C⊥,




2 + T 2211 + (T
(b)
212)
2 ≤ 1. (38)
Superscripts (b), (c) denote that for these terms Bob and Carol, respectively, are allowed to do arbitrary rotations.
Note, that this form contains only three terms, so a ratio between quantum and maximal values can not exceed
√
3.
For the condition for 2× 2× 2 inequalities, as well as for more details, see [7].
8CONCLUSIONS
A method to derive Bell inequalities with more then two observables per site was proposed and demonstrated for
the case of three particles and up to three observables per site. New tight Bell inequalities for correlation functions
and the respective sufficient conditions for their satisfaction are found. Interestingly, none of these inequalities utilizes
more than two observables for every observer (in a next publication we shall try to prove that such inequalities do
not exist).
All three-qubit Bell inequalities found here have been shown to be implied by a general inequality, first found in
[7]. There even exists an inequality (30), which is satisfied exactly by the same set states, however utilizes less local
observables, than its parent.
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